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L -INVARIANTS AND LOGARITHM DERIVATIVES OF EIGENVALUES OF
FROBENIUS
ZHANG YUANCAO
Abstract. Let K be a p-adic local field. In this work we study a special kind of p-adic
Galois representations of it. These representations are similar to the Galois representations
occurred in the exceptional zero conjecture for modular forms. In particular, we verify that
a formula of Colmez can be generalized to our case. We also include a degenerated version
of Colmez’s formula.
1. Introduction
Let f be a level Γ0(N) (p ‖ N) newform of even weight k ≥ 2. Let L( f , s) be the classical
L-function associate to it. Denote the p-adic L-function associated to f by Lp( f , s). In [6],
Mazur, Tate and Teitelbaum noted that Lp( f , s) has one more trivial zero than L( f , s) at the
point s = k/2. Let ρ f be the Galois representation of GQp associated to f . They conjectured
further the ratio L
′
p( f ,k/2)
L( f ,k/2) depends only on ρ f . The conjecture is called the exceptional zero
conjecture.
For k = 2 case, Mazur, Tate and Teitelbaum gave a conjectural local description of this
constant L . The conjecture in this case was proved by Greenberg and Stevens [4] . A
key ingredient of their proof is Hida’s family of p-adic ordinary Hecke eigenforms. For
any weight 2 newform f , there is one such family containing f . Let α be the function
of Up-eigenvalues of the forms on the family. By some cohomology computation of the
deformation of ρ f , they proved the following formula:
L = −2α
′( f )
α( f )(1.1)
for the L -invariant constructed by Mazur, Tate and Teitelbaum. On the other hand, they
used the family to construct a two variable p-adic L-function. The two variable p-adic
L-function was used to prove that
L′p( f , k/2)
L( f , k/2) = −2
α′( f )
α( f ) .(1.2)
For a general k, there are several ways to construct the local invariant L . One is pro-
vided by Fontaine using his theory of semi-stable representations (see [5]). Replacing
Hida’s families by Coleman’s family of p-adic Hecke eigenforms, the same strategy in the
proof of the formula (1.2) applies to the general weight case. So to prove the exceptional
zero conjecture, it remains to generalize the formula (1.1). This was accomplished in [3]
by Stevens for the L -invariants constructed by Coleman. Inspired by this, Colmez [1]
proved a formula for Fontaine’s L -invariant. Applying this formula to Coleman’s fami-
lies, he proved that (1.1) also holds for Fontaines’ L -invariant. The key tool of Colmez’s
proof is the fundamental exact sequence of p-adic Hodge theory. Using it, one can carry
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out cohomology computation on the level of Xst like the weight 2 case. In this paper, we
generalize the aforementioned formula of Colmez to general p-adic local fields.
Before stating the main result, we introduce some notation first.
Let K be a fixed extension of Qp of degree n. Denote the maximal unramified extension
of Qp contained in K by K0. Let e and f be the ramification index and the inertia degree
of K, respectively. Denote the absolute Galois group of K by GK . Let IK be the inertia
subgroup of GK . Denote the abelianization of GK by G abK . Let IabK be the image of IK in G abK .
Throughout this note, the cohomology groups mean the continuous group cohomology of
GK if there is no confusion.
Fix an algebraic closure ¯Qp of Qp. Let KGal be the Galois closure of K in ¯Qp. The
algebra KGal ⊗Qp K is an Artin algebra. Consider the map
KGal ⊗Qp K →
∏
σ
KGal
a ⊗ b 7→ (a · σ(b))σ
where σ runs over Qp-algebra embeddings from K onto ¯Qp. It is an isomorphism. We
identify these two Qp-algebras from now on.
Let X = Sp(S ) be a KGal-affinoid rigid space. Then S is the quotient algebra of some
Tate algebra Qp〈X1, · · · , Xd〉. We can endow S with the quotient norm. In this way, S
becomes a topological Qp-algebra. Let L be a fixed finite extension of Qp. The trace map
from K to Qp induces a trace map from S ⊗Qp K to S . We denote the latter also by tr.
Suppose that L contains KGal. Denote the set of L-rational points of X by X (L). Identify
L ⊗Qp K with
∏
σ L as above. Let L(n) be the the vector space L such that GK acts on it by
n-th power of the cyclotomic character.
Let Bst, BdR and Bcris be the semi-stable, de Rham and crystalline Fontaine rings, respec-
tively. Denote their tensor products with L over Qp by Bst,L, BdR,L and Bcris,L, respectively.
Let Be be the ring of elements stabilized by ϕ in Bcris. Denote Be ⊗Qp L by Be,L. Let Qurp be
the p-adic completion of the maximal unramified extension of Qp. This field is contained
in Bcris.
We fix once and for all a system of primitive pm-th roots of unity ǫm such that ǫpm+1 = ǫm.
Denote it by ǫ. Let t be the element log ǫ in Bcris. The ϕ-action on t is multiplication by p.
The Galois action on t is via the cyclotomic character.
Let u be the element log p in Bst. The operator N sends u to −1. The ϕ-action on u is
multiplication by p.
Let ψ1 : GK → L be the continuous homomorphism which is trivial on IK and takes the
value f at the Frobenius element of GK . Let ψ2 : GK → L be the logarithm of cyclotomic
character. Using the local class field theory, we can identify the Lie algebra of IabK with K.
By a family of d dimensional Galois representations over X , we mean a free S -module
V of rank d with continuous S -linear GK-action. The family det V is a free S -module V
of rank 1, or equivalently we have a continuous homomorphism det V : GK → S × . Then
taking logarithm we get a continuous homomorphism form GK to S . The homomorphism
is determined by the associated homomorphism of Lie algebras on IabK and its value at a
fixed Frobenius element. Note that the space of homomorphisms of Lie algebra of IabK to
S is HomQp (K, S ) via local class theory. In this way it can be viewed as a free K ⊗Qp S -
module of rank 1. Moreover for any κ ∈ K ⊗Qp S there is a unique homomorphism κψ2
from GK to S such that the corresponding map on Lie algebra of IabK is κ · dψ2 and the value
at the element in GK correspoding to p under Artin map is 0. Then any homomorphism
between GK and S must be of the form δψ1 + κψ2 where δ ∈ S and κ ∈ K ⊗Qp S .
3Our main result is the following (see section 4 for the definition of a Galois representa-
tion of monodromy type).
Theorem 1.1. Let V be a family of two dimensional Galois representations over X . Let
log det V = δψ1 + κψ2 where δ ∈ S and κ ∈ K ⊗Qp S . Suppose that ((V ⊗Qp Bcris)ϕ
f
=α)GK is
a free S ⊗Qp K0-module of rank 1 for some α ∈ S . Let x be a point in X (L) such that Vx is
of monodromy type with Fontaine’s L -invariant L ∈ L ⊗Qp K. Then the differential form
dα
fα +
1
2
dδ − 1
2n
tr(L · dκ)
vanishes at the point x.
Note if K = Qp, this recovers Colmez’s result. We also have a “degenerated” version of
this formula (see Proposition 7.5).
The plan of this paper is as follows. In the second and the third section, we recall
some facts of local class field theory and p-adic Galois representation theory, respectively.
We give the structure of Dst(Vx) in the fourth section. Then we study the representation
End0(Vx) in detail in section 5. In particular we establish a cohomological property 5.7
about L -invariants. In section 6, we investigate a special kind of extensions of the trivial
(ϕ, N)-module. They are closely related to the constraint condition on ((V⊗Qp Bcris)ϕ
f
=α)GK .
We combine the results in the previous sections to prove our main theorem in the last
section.
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2. Some facts of local class field theory
In this section we recall some facts of local class field theory. All the GK-representations
are L-linear. All Galois cohomology group are for K.
The theory of Kummer gives us a canonical isomorphism
L ⊗Zp (lim←−
m
K×/(K×)pm ) → H1(L ⊗Qp Qp(1))
∑
i
ai ⊗ αi 7→
∑
i
ai ⊗ (αi)
where the map ( ) : GK → Qp(1) is defined by
g( pm√α)
pm√α = ǫ
(α)(g)
m
for α ∈ K× and g ∈ GK (( pm+1
√
α)p = pm√α).
On the other hand, the exponential map
exp : pOK → K×
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extends to an embedding of L⊗Qp K into H1(L(1)) and induces a decomposition H1(L(1)) =
exp(L ⊗Qp K) ⊕ (p)L. We identify L ⊗Qp K with its image exp(L ⊗Qp K) in H1(L(1)) from
now on.
In the cohomology group H1(L), there is an element ψ1 which is trivial on the inertial
subgroup of GK and takes the value f at the Frobenius element of GK and another element
ψ2 which is the logarithm of the cyclotomic character of GK .
The local class field theory tells us H2(L(1)) is isomorphic to L and the pairing
∪ : H1(L) × H1(L(1)) → H2(L(1))
defined by the cup product is perfect. It induces a surjective homomorphism from H1(L)
to HomL(L ⊗Qp K, H2(L(1))). The kernel is spaned by ψ1. The decomposition
H1(L(1)) = exp(L ⊗Qp K) ⊕ (p)L
induces a decompostion H1(L) = HomL(L ⊗Qp K, H2(L(1))) ⊕ ψ1L. Note that ψ2 is a
generator of the free L ⊗Qp K-module HomL(L ⊗Qp K, H2(L(1))).
Proposition 2.1. Let a1 ∈ L and a2 ∈ L ⊗Qp K. The cup product of a1ψ1 + a2ψ2 and
b1(p) + (exp(b2)) is
(a1b1 − 1
n
tr(a2b2))((ψ1 ∪ (p)).
Proof. The case K = Qp is well known. For general K, consider the restriction map res
and the corestriction map cor between GK and GQp . Then
cor((a1ψ1 + a2ψ2) ∪ (b1(p) + (exp(b2)))) = a1b1(ψ1 ∪ cor((p))) + ψ2 ∪ cor((exp(a2b2)))
= na1b1(ψ1 ∪ (p)) + tr(a2b2)ψ2 ∪ (exp(1))
= (na1b1 − tr(a2b2))(ψ1 ∪ ((p)))
= (a1b1 − 1
n
tr(a2b2))cor((ψ1 ∪ (p)).
The map cor is an isomorphism so the equality in the proposition holds. 
3. Admissible (ϕ, N)-filtered modules and semi-stable representations
A (ϕ, N)-module D over K with coefficient in L is a free L⊗Qp K0-module of finite rank
with (ϕ, N)-action such that:
• The ϕ-action is semi-linear and bijective.
• The N-action is linear.
• Nϕ = pϕN.
We omit the coefficient field L and the base field K from now on.
Let D be a (ϕ, N)-module. Denote its dimension as an L-vector space by d. Suppose that
v is a generator e of ∧dD as an L-vector space. Suppose that ϕ(v) = αv for some α ∈ L×.
Define the Newton number tN(D) of D as e · vp(α). Define a functor from the category of
(ϕ, N)-modules to the category of Be,L-modules with Galois actions by
Xst(D) := (D ⊗K0 Bst)ϕ=1,N=0.
The Galois action is induced by the action on BdR. By Proposition 5.1 in [2], we know the
functor is exact.
5A filtered (ϕ, N)-module (D, Fil) is a (ϕ, N)-module D with a decreasing separated ex-
hausted L⊗Qp K-filtration Fil on DK = D⊗K0 K. Define its Hodge number by the following
formula
tH((DK , Fil)) :=
∑
i
i · dimL(Fili(DK)/Fili+1(DK)).
The elements in the set
{i|Fili(DK)/Fili+1(DK) , 0}
are called the Hodge-Tate weights of this filtered module.
A filtered (ϕ, N)-submodule (D′, Fil) of (D, Fil) is a (ϕ, N)-stable L ⊗Qp K0-submodule
of D with the induced filtration, i.e. the filtration defined by:
Fili(D′K) := Fili(DK) ∩ (D′K).
We define a functor XdR from the category of filtered (ϕ, N)-modules to the category of
BdR,L/B+dR,L-modules with Galois actions by
XdR((D, Fil)) := (DK ⊗K BdR)/Fil0(DK ⊗K BdR),
where the filtration on DK ⊗K BdR is given by
Filk(DK ⊗K BdR) :=
∑
i+ j=k
Fili(DK) ⊗K t jB+dR.
The Galois action is induced by the action on BdR.
A filtered (ϕ, N)-module (D, Fil) is called admissible if it satisfies the following condi-
tions:
• tN(D) = tH((DK , Fil)).
• For any filtered (ϕ, N)-submodule D′ of D, tN(D′) ≥ tH((D′K , Fil)).
Example 3.1. Let α be an element in L×, k = (kσ)σ elements in ⊕σZ satisfying vp(α) =∑
σ kσ. Then the following filtered (ϕ, N)-module is admissible.
D := L ⊗Qp K0 · e
ϕ(e) = (α, 1, · · · , 1)v
N(v) = 0
Filk{kσ}(DK) := ⊕kσ≤k(DK)σ.
Denote the category of admissible (ϕ, N)-filtered modules by MFadK,L(ϕ, N). It is a Tan-
nakian category.
For an object (D, Fil) in MFadK,L(ϕ, N), define
Vst((D, Fil)) := ker(Xst(D) → XdR((D, Fil))).
It is an L-vector space with continuous Galois action.
On the other hand, consider continuous GK-representations over finite dimension L-
vector spaces. Such a representation V is called semi-stable if
rankL⊗Qp K0 (V ⊗Qp Bst)GK = dimL V.
Denote the category of semi-stable continuous GK-representations over finite dimension L-
vector spaces by RepstL (GK). It is also a Tannakian category. For any object V in RepstL (GK),
define
Dst(V) := (V ⊗Qp Bst)GK .
We have the following theorem of Colmez and Fontaine:
Theorem 3.2 (Colmez-Fontaine). [2]
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(i) The functor Dst(resp. Vst) is a well defined equivalence from RepstL (GK) to MFadK,L(ϕ, N)(
resp. from MFadK,L(ϕ, N) to RepstL (GK)).
(ii) For any object (D, Fil) in MFadK,L(ϕ, N), the following sequence is exact:
0 → Vst(D) → Xst(D) → XdR((D, Fil)) → 0.
(iii) For any object (D, Fil) in MFadK,L(ϕ, N), Dst(Vst((D, Fil))) = (D, Fil) as submod-
ules of D ⊗K0 Bst.
(iv) For any object V in RepstL (GK), Vst(Dst(V)) = V as submodules of V ⊗Qp Bst.
The second statement of the above theorem is called the fundamental exact sequence.
The cohomology groups on XdR-level are easy to compute. We can use the fundamental
exact sequence to give the following simple properties of cohomology groups on Xst-level.
Lemma 3.3. Let (D, Fil) be in MFadK,L(ϕ, N). Suppose that Fil0(DK) = DK . The maps
Hk(Vst(D)) → Hk(Xst(D)) are isomorphisms for all k.
Proof. We have
Fil0(DK ⊗K BdR) =
∑
i≥0
Fili(DK) ⊗K t−iB+dR.
Consider Mi =
∑
j>i Fil j(DK) ⊗K t− jB+dR + DK ⊗K t−iB+dR for i ≥ 0. The module M0 is
Fil0(DK ⊗K BdR). The quotient Mi+1/Mi is direct sum of t−i−1B+dR/t−iB+dR. The Galois
modules t−i−1BdR/t−iB+dR are cohomologically trivial. Moreover Mi = DK ⊗K t−iB+dR for
i large enough. The quotient (DK ⊗K BdR)/Mi is direct sum of BdR/t−iB+dR. The latter is
cohomologically trivial. Hence XdR((D, Fil)) is cohomologically trivial. Then the lemma
follows from the fundamental exact sequence. 
Let D be a (ϕ, N)-module, Fil1,Fil2 two decreasing filtrations on it. We call they are of
the same filtration type if for any integer i there exists an integer j such that
Fili1(DK) = Fil j2(DK).
Note that in this case, the number of Hodge-Tate weights of both filtration are the same.
Lemma 3.4. Let D be a (ϕ, N)-module, Fil1,Fil2 two admissible filtrations of the same
filtration type on it. Let
I1 = {in < in+1 < · · · < i0 < i1 < · · · < im}
I2 = { jn < jn+1 < · · · < j0 < j1 < · · · < jm}
be the set of Hodge-Tate weights of Fil1 and Fil2, respectively. Suppose further that I1, I2
satisfy the following conditions:
(i) For n ≤ l < 0, 0 > il ≥ jl.
(ii) For 0 ≤ l ≤ m, jl ≥ il ≥ 0.
Then the image of Hk(Vst((D, Fil1))) in Hk(Xst(D)) is the same as Hk(Vst((D, Fil2))) for all
k.
Proof. By the fundamental exact sequence, we have the image of Hk(Vst((D, Fili))) in
Hk(Xst(D)) is the kernel of Hk(Xst(D)) → Hk(Xst((D, Fili))) for i = 1, 2. Consider the
module
M0 =
∑
n≤l<0
Fil jl (DK) ⊗K t− jl B+dR +
∑
0≤l≤m
Filil (DK) ⊗K t−il B+dR.
7It is the intersection of Fil01(DK ⊗K BdR) and Fil02(DK ⊗K BdR). Then by the fundamental
exact sequence, Hk(Xst(D)) → Hk(Xst((D, Fili))) factors through Hk((DK ⊗K BdR)/M0) for
i = 1, 2 and all k.
Consider the modules
Ml =
∑
n−l≤a<0
Fil ja (DK) ⊗K t− ja B+dR +
∑
0≤a≤m
n≤a<n−l
Filia (DK) ⊗K t−ia B+dR
for n ≤ l < 0. The module Mn is Fil01(DK ⊗K BdR). The quotient Ml/Ml+1 is direct sum
of t− jl B+dR/t
−il B+dR for n ≤ l < 0. The latter one is cohomologically trivial. So Mn/M0 is
all cohomologically trivial. Then the maps Hk((DK ⊗K BdR)/M0) → Hk((DK ⊗K BdR)/Mn)
are isomorphisms for all k.
Similarly, consider the modules
Ml =
∑
n≤a<0
m−l<a≤m
Fil ja (DK) ⊗K t− ja B+dR +
∑
0≤a≤m−l
Filia (DK) ⊗K t−ia B+dR
for 0 < l ≤ m + 1. The module Mm+1 is Fil02(DK ⊗K BdR). We also have that
Hk((DK ⊗K BdR)/M0) → Hk((DK ⊗K BdR)/Mm+1)
are isomorphisms for all k. So the lemma holds. 
4. Monodromy modules (Dα, Film,k,L ) of rank two
In this section we define a certain kind of admissible filtered (ϕ, N)-modules (D, Fil) of
rank 2. They are called monodromy modules.
Let α be an element in L×, m = (mσ)σ and k = (kσ)σ elements in ⊕σZ and L = (Lσ)
an element in L ⊗Qp K. Suppose further that they satisfy the following conditions:
• kσ > mσ.
• e · (2vp(α) + f ) = ∑σ(kσ + mσ).
• e · vp(α) ≥ ∑σ mσ.
Define (Dα, Film,k,L ) as follows:
Dα := (L ⊗Qp K0) · e2 ⊕ (L ⊗Qp K0) · e1
ϕ(e2) = (pα, p, · · · , p)e2 ϕ(e1) = (α, 1, · · · , 1)e1
N(e2) = e1 N(e1) = 0
Filim,k,L (Dα,K) = ⊕σFilimσ,kσ,Lσ((Dα,K)σ)
Filimσ,kσ,Lσ((Dα,K)σ) :=

0 i > kσ
(L ⊗Qp K)σ · (e2 +Lσe1) mσ < i ≤ kσ
(Dα,K)σ i ≤ mσ.
It is easy to check this module is admissible. We call the filtered (ϕ, N)-module as a mon-
odromy (ϕ, N)-module of rank 2. This kind of modules is also considered by B. Schraen.
In Proposition 3.1 of [7] he classified all two dimensional semi-stable non crystalline Ga-
lois representations with non degenerated weights. Under his terminology, the represen-
tations we consider here are just with two dimensional semi-stable non crystalline Galois
representations with non degenerated weights and S = ∅. The parameter L is called
the Fontaine’s L -invariant of this module. The Galois representation associated to it is
called as a two dimensional Galois representation of monodromy type. The parameter L
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is called Fontaine’s L -invariant L of the representation. Up to a twist of a character, we
may assume that m = 0.
For L , 0 and e · vp(α)+ n ≥ ∑Lσ,0 mσ +∑Lσ=0 kσ, we can also define an admissible
filtered (ϕ, N)-module (Dα,pα, Film,k,L ) by
ϕ(e2) = (pα, p, · · · , p)e2 ϕ(e1) = (α, 1, · · · , 1)e1
N(e2) = 0 N(e1) = 0
Filim,k,L (Dα,K) = ⊕σFilimσ,kσ,Lσ((Dα,K)σ)
Filimσ,kσ,Lσ((Dα,K)σ) :=

0 i > kσ
(L ⊗Qp K)σ · (e2 +Lσe1) mσ < i ≤ kσ
(Dα,K)σ i ≤ mσ.
It is easy to check that two such modules (Dα,pα, Film,k,L ) and (Dα′ ,pα′ , Film′ ,k′,L ′ ) are iso-
morphic if and only if α = α′, m = m′, k = k′ and there exists a b ∈ L× such that
L ′ = bL ′.
5. The semi-stable representationsWL ,k
5.1. Definition and basic properties.
Consider the object (D, FilL ,k) in MFadK,L(ϕ, N) defined as follows where k = (kσ)σ ∈
⊕σZ and L ∈ L ⊗Qp K:
D := (L ⊗Qp K0) · f1 ⊕ (L ⊗Qp K0) · f2 ⊕ (L ⊗Qp K0) · f3
ϕ( f1) = p f1, ϕ( f2) = f2 and ϕ( f3) = p−1 f3
N( f1) = 2 f2, N( f2) = f3 and N( f3) = 0
gL ,1 := f1 + 2L f2 +L 2 f3, gL ,2 := f2 +L f3, and gL ,3 := f3
Fili
L ,k(DK) = ⊕σFiliLσ ,kσ((DK)σ)
Fili
Lσ ,kσ(Dσ) :=

0 i > kσ
(L ⊗Qp K)σ · gL ,1 0 < i ≤ kσ
(L ⊗Qp K)σ · gL ,1 ⊕ (L ⊗Qp K)σ · gL ,2 −kσ < i ≤ 0
(D ⊗K0 K)σ i ≤ −kσ
Denote the semi-stable representation associated to it by WL ,k.
Proposition 5.1. Let (Dα, Fil0,k,L ) be a monodromy filtered (ϕ, N)-module defined in the
last section. The representation WL ,k is isomorphic to End0(Vst((Dα, Filk,L ))).
Proof. The dual (D∗α, Fil∗0,k,L ) of (Dα, Fil0,k,L ) is as follows:
D∗α := (L ⊗Qp K0) · e∗2 ⊕ (L ⊗Qp K0) · e∗1
ϕ(e∗2) = (p−1α−1, p−1, · · · , p−1)e∗2 ϕ(e∗1) = (α−1, 1, · · · , 1)e∗1
N(e∗2) = 0 N(e∗1) = −e∗2
Fili0,k,L (D∗α,K) = ⊕σFil∗,i0,kσ,Lσ((D
∗
α,K)σ)
Fil∗,i0,kσ,Lσ (Dα,σ) :=

0 i > 0
(L ⊗Qp K) · (e∗1 − Lσe∗2) −kσ < i ≤ 0
(Dα ⊗K0 K)σ i ≤ −kσ
where {e∗2, e∗1} is the dual basis of {e2, e1}. Then mapping f1 to e2⊗e∗1, f2 to 12 (e1⊗e∗1−e2⊗e∗2)
and f3 to −e1 ⊗ e∗2 , we get an isomorphism of filtered (ϕ, N)-modules between (D, FilL ,k)
and End0((Dα, Fil0,k,L )). So the associated Galois representations are also isomorphic. 
9The (ϕ, N) module Dα has the natural filtration of (ϕ, N)-module DN=0α ⊆ Dα. It induces
the following filtration on D:
D0 = 0 ⊂ D1 = DN=0 ⊂ D2 = DN2=0 ⊂ D3 = D.(5.1)
The free L ⊗Qp K0 modules Di(i = 1, 2, 3) are spanned by { f j|1 ≤ j ≤ i}. The quotient
modules D/D1 and D/D2 are HomL⊗Qp K0 (DN=0α , Dα) and HomL⊗Qp K0 (DN=0α , Dα/DN=0α ), re-
spectively. So the gradient D2/D1 is EndL⊗Qp K0 (DN=0α ).
Then we consider the Be,L-module Xst(D). It has the following filtration
0 ⊂ Xst(D1) ⊂ Xst(D2) ⊂ Xst(D).
We can compute the Be,L-module Xst(D) as follows.
Proposition 5.2. Let
u1 = t f3, u2 = f2 + u f3,
and
u3 =
1
t
( f1 + 2u f2 + u2 f3).
Then {u j|1 ≤ j ≤ i} is a basis of the free Be,L-module Xst(Di) (i = 1, 2, 3).
Proof. We can check directly {u j|1 ≤ j ≤ i} is contained in Xst(Di) (i = 1, 2, 3). On the
other hand it is a basis of the free Bst,L-module Di ⊗K0 Bst. So it is also a basis of the
Be,L-module Xst(Di) . 
As in the (ϕ, N)-modules level, the quotient modules Xst(D)/Xst(D1) and Xst(D)/Xst(D2)
are HomBe,L (Xst(DN=0α ),Xst(Dα)) and HomBe,L (Xst(DN=0α ),Xst(Dα/DN=0α )), respectively . The
gradient Xst(D2)/Xst(D1) is EndBe,L (Xst(DN=0α )).
5.2. Structure of WL ,1.
In this subsection we study the structure of WL ,1 in detail where 1 = (1, · · · , 1).
Proposition 5.3. The filtration (5.1) is a filtration of admissible submodules.
Proof. We have
tN(D1) = tH((D1, FilL ,1)) = tN(D2) = tH((D2, FilL ,1)) = n,
so they are all admissible. 
Let Wi = Vst(Di). By the above proposition, the Galois representation WL ,1 also has a
filtration:
W0 := 0 ⊂ W1 ⊂ W2 ⊂ W3 := WL ,1.
We can give the filtration a more explicit description. Recall that we have the following
exact sequence:
0 → L(1) → Bϕ=p
cris,L → BdR,L/Fil1(BdR,L) → 0
Then there exists an element vL ∈ Bcris,L such that vL − L ∈ L ⊗Qp Fil1(BdR,L) and this
element is uniquely determined up to an element at where a ∈ L.
Proposition 5.4. Let
v1 = t f3, v2 = f2 + (u + vL ) f3,
and
v3 =
1
t
( f1 + 2(u + vL ) f2 + (u + vL )2 f3).
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Then {v j|1 ≤ j ≤ i} spans Wi (i = 1, 2, 3).
Proof. One can check directly that vi is in Vst((Di, FilL ,k)). Take the last one as example.
The ϕ-action:
ϕ(v3) = 1pt (p f1 + 2(pu + pvL ) f2 + (pu + pvL )
2 p−1 f3)
= v3
The N-action:
N(v3) = 1t (N( f1) + 2N((u + vL )) f2 + 2(u + vL )N( f2) + N((u + vL )
2) f3)
=
1
t
(2 f2 − 2 f2 + 2(u + vL ) f3 − 2(u + vL ) f3)
= 0
The filtration:
v3 =
1
t
( f1 + 2L f2 +L 2 f3) + 2(u + vL −L )t ( f2 +L f3)
+
(vL − L )2 + 2u(vL −L )
t
f3
∈ Fil1
L ,1(DK) ⊗K Fil−1BdR + Fil0L ,1(DK) ⊗K Fil0BdR + Fil−1L ,1(DK) ⊗K Fil1BdR
= Fil0
L ,1(Xst(D))
It is obvious that the elements vi are L-linear independent. Then the statement follows from
comparing the dimensions. 
We identify Wi/Wi−1 = L · vi with L(2 − i) from now on(for i = 1, 2, 3).
Lemma 5.5. The cohomology class in H1(L(1)) associated to the extension W2 of L by
L(1) is (exp(L )) + (p).
Proof. Suppose that L = ∑i ai ⊗ bi such that bi is in p2OK . Consider the elements
log[( pm√exp(bi))m] in B+cris. They are stable under the ϕ-action. We have
θ(log[( pm
√
exp(bi))m] − bi) = log(exp(bi)) − bi = 0.
So the element log[( pm√exp(bi))m] − bi is in Fil1BdR. Then we can choose∑
i
ai ⊗ log[( pm
√
exp(bi))m]
as vL . For any g ∈ GK ,
(g − 1)v2 = (g − 1)( f2 + (u + vL ) f3)
= ((g − 1)u + (g − 1)vL ) f3
= (1 ⊗ log[(g(
pm
√p)
pm
√p )m] +
∑
i
ai ⊗ log[(
g( pm√exp(bi))
pm
√
exp(bi)
)m]) f3
= (1 ⊗ log[ǫ(p)(g)m ] +
∑
i
ai ⊗ log[ǫ(exp(bi))(g)m ]) f3
= ((exp(L )) + (p))(g)t f3
= ((exp(L )) + (p))(g)v1
So the cohomology class in H1(L(1)) associated to the extension W2 is (exp(L ))+ (p). 
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Proposition 5.6. Let c be a cohomolgy class in H1(W3/W1). Suppose c vanishes in
H1(W3/W2) and lies in the image of H1(W3). Then it must come from H1(W2/W1). More-
over through the identification of H1(W2/W1) and H1(L) as above, it must be of the form
1
n
tr(γL )ψ1 + γψ2 where γ is in L ⊗Qp K.
Proof. Consider the following exact sequence:
0 → W2/W1 → W3/W1 → W3/W2 → 0.
It induces the exact sequence
0 → H1(W2/W1) → H1(W3/W1)→H1(W3/W2).
Since c vanishes in H1(W3/W2) so it must come from H1(W2/W1). We have identified
W2/W1 with L so it can be viewed as a cohomology class γ1ψ1 + γ2ψ2 in the subgroup
H1(L) of H1(W3/W1).
Then consider the diagram of exact sequences:
0 → W1 → W3 → W3/W1 → 0.
It induces the exact sequence
H1(W3) → H1(W3/W1) δ→ H2(W1).
Recall that c is in the image of H1(W3), so δ(γ1ψ1 + γ2ψ2) is zero. Then (γ1ψ1 + γ2ψ2) ∪
((exp(L )) + (p)) is also zero. By Proposition 2.1, we have that γ1 = 1n tr(γ2L ). 
5.3. A cohomological property.
In this subsection we establish a cohomological property similar to 5.6 on the level of
Xst.
Proposition 5.7. Let c be a cohomolgy class in H1(Xst(D)/Xst(D1)). Suppose c van-
ishes in H1(Xst(D)/Xst(D2)) and lies in the image of H1(WL ,k). Then it must come from
H1(W2/W1) (identified with H1(L)) and be of the form 1n tr(γL )ψ1 + γψ2 where γ is in
L ⊗Qp K.
Proof. By the lemma 3.4, the image of H1(WL ,k) in H1(Xst(D)/Xst(D1)) is independent
of the weight vector k. So c lies in the image of H1(WL ,1). Consider the commutative
diagram
W3 //

W3/W1

Xst(D) // Xst(D)/Xst(D1).
It induces
H1(W3) //

H1(W3/W1)

H1(Xst(D)) // H1(Xst(D)/Xst(D1)).
So c also lies in the image of H1(W3/W1).
Then consider the commutative diagram of short exact sequences
0 // W2/W1 //

W3/W1 //

W3/W2

// 0
0 // Xst(D2)/Xst(D1) // Xst(D)/Xst(D1) // Xst(D)/Xst(D2) // 0.
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It induces the following commutative diagram exact sequences
0 //

H1(W2/W1) //

H1(W3/W1) //

H1(W3/W2)

H0(Xst(D/D2)) // H1(Xst(D2/D1)) // H1(Xst(D)/Xst(D1)) // H1(Xst(D)/Xst(D2)).
By Lemma 3.3, the first, second and fourth columns are all isomorphisms. Then proposi-
tion follows from Propostion 5.6. 
6. Extension classes of trivial (ϕ, N)-modules
In this section we consider some extension classes of trivial (ϕ, N)-modules. To facili-
tate the computation, we introduce some notations first. Fixed an embedding ι0 form K0 to
L. Let ιi(0 ≤ i < f ) be the embedding ι0 ◦ ϕ−i. Identify L ⊗Qp K0 with
∏ f−1
i=0 L using the
map which sends a ⊗ b to (a · ιi(b))i.
Let α be an element in L. In this section we consider the (ϕ, N)-modules D′ of rank 2
such that under the basis {v′1, v′2} the ϕ action is of the form
( 1 (α, 0, . . . , 0)
0 1
)
and the N-action
is 0. Identifying L · vi with L. Then we get an extension class of two trivial (ϕ, N)-modules.
Let ω0 be an element in Qurp ⊂ Bcris such that ϕ f (ω0) − ω0 = 1. Let ωi be the element
ϕi(ω0) for any 0 ≤ i < f .
Proposition 6.1. The Be,L-module Xst(D′) is free of rank two and spanned by v′1 and v′2 +
(−αωi)0≤i< f v′1.
Proof. The Bst,L-module D′ ⊗K0 Bst,L is free of rank two and spanned by v′1 and v′2 +
(−αωi)0≤i< f v′1. On the other hand,
ϕ(v′2 + (−αωi)0≤i< f v′1) = v′2 + (α, 0, · · · , 0)v′1 + (−αϕ f (ω0),−αω1, · · · ,−αω f−1)v′1
= v′2 + (−αωi)0≤i< f v′1
So these two elements are all in Xst(D′). Hence the proposition holds. 
Identify Be,L · v′i(i = 1, 2) with Be,L. Then Xst(D′) is an extension of Be,L by Be,L.
Consider the filtration Fil on D′ defined by
Fili(D′K) :=
{
0 i > 0
D′K i ≤ 0
Under the filtration D′ is admissible. The filtrated (ϕ, N)-submodule (L ⊗Qp K0) · v′1 is a
trivial filtered (ϕ, N)-module. The quotient (L ⊗Qp K0) · v′2 is also trivial.
Let V be the Galois representation Vst((D′, Fil)).
Proposition 6.2. The Galois representation V is spanned by v′1 and v′2 + (−αωi)0≤i< f v′1.
Proof. These two elements are L-linearly independent and contained in Fil0(D′
α,K ⊗K BdR).
So by the above proposition, V is spanned by them. 
Identify L · v′i(i = 1, 2) with L. Then V is an extension of L by L. We compute its
associated cohomology class in the following proposition.
Proposition 6.3. The associated cohomology class of V in H1(L) is −αf ψ1.
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Proof. For any g in GK
g(v′2 + (−αωi)0≤i< f v′1) − (v′2 + (−αωi)0≤i< f v′1) = ((ϕ f )
ψ1(g)
f (−αωi)0≤i< f − (−αωi)0≤i< f )v′1
= −ψ1(g)f α · v
′
1

Proposition 6.4. The element in H1(Be,L) determined by the following exact sequence
0 → v′1Be,L → Xst(D′) → v′2Be,L → 0.
comes from H1(L). Moreover it is of the form −αf ψ1.
Proof. We have the following commutative digram of exact sequences:
0 // v′1L //

V //

v′2L

// 0
0 // v′1Be,L // Xst(D′) // v′2Be,L // 0.
It induces
H0(L) //

H1(L)

H0(Be,L) // H1(Be,L).
By Lemma 3.3, all the columns are isomorphisms. So the proposition follows from the
above proposition. 
7. L -invariants and logarithmic derivatives of eigenvalues of Frobenius
In this section we prove Theorem 1.1. Since the statement is purely local and only
related to the derivative of the first order, We only need to consider the case S = L[x]/(x2).
Let V be a free S -module of rank 2 with continuous GK-action. Let V0 be V/xV which
is a two dimensional continuous GK-representation over L. Suppose that Dst(V0) is iso-
morphic to (Dα, FilL ,k) for some α ∈ L× ,L ∈ L ⊗Qp K and k ∈ ⊕σZ. Suppose that
(V ⊗S (S ⊗Qp Bcris)ϕ
f
=β)GK is a free S ⊗Qp K0-module of rank 1 for some some β ∈ S .
Denote EndL(V0) by U. Consider the exact sequence of GK-representations over L:
(7.1) 0 → U → HomL(V0,V) → U → 0
Then we have the connecting map
δ : U → H1(U).
Denote End0L(V0) by W. The representation U has the canonical decomposition
U = W ⊕ L · IdV0 .
We identify the trivial representation L with L ·IdV0 from now one. Denote the projection of
U to L by ι and the projection of U to W by ι0. Denote the GK-representation HomL(V0,V)
by ˜W .
Proposition 7.1. The cohomology class ι(δ(IdV0 )) in H1(L) is the continuous homomor-
phism d2dx (log ◦ det) from GK to L.
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Proof. Fix a basis {v1, v2} of V . For any g in GK , denote the transformation matrix of g on
V by (1 + Bgx)Ag where Ag ∈ GL(2, L) and Bg ∈ M(2, L) . Then the transformation matrix
of g on V0 is just Ag. The cohomology class ι(δ(IdV0 )) is just
1
2
tr(((1 + Bgx)Ag)A−1g − 1)IdV0 =
1
2
tr(Bg)xIdV0 .
On the other hand, we have
1
2
log ◦ det((1 + Bgx)Ag) = 12 log ◦ det((1 + Bgx)) +
1
2
log ◦ det(Ag)
= tr(Bg)x + 12 log ◦ det(Ag)
So the equality ι(δ(IdV0 )) = d2dx (log ◦ det) holds. 
Suppose the logarithm of the determinate of the represention V is of the form δ(x)ψ1 +
κ(x)ψ2. Then ι(δ(IdV0 )) = 12 (δ′ψ1 + κ′ψ2) where κ′(resp. δ′) is the derivative of κ(x)(resp.
δ(x)) at the point zero.
Let Dcris(V0) (resp. Dcris(V)) be the L ⊗Qp K0-module (V0 ⊗Qp Bcris)GK (resp. (V ⊗Qp
Bcris)GK ).
Proposition 7.2. The S ⊗Qp K0-module Dcris(V) is (V ⊗S (S ⊗Qp Bcris)ϕ
f
=β)GK . The modulo
x map from Dcris(V) to Dcris(V0) is surjective.
Proof. Consider the exact sequence of L ⊗Qp K0-modules:
0 → V0 → V → V0 → 0
where the map from V0 to V is just multiplication by x and the map V to V0 is just modulo
x. It induces the following exact sequence:
0 → Dcris(V0) → Dcris(V) → Dcris(V0).
The L ⊗Qp K0-module Dcris(V0) is free. It is spanned by e1 in Dst(V0). One the other hand
the free S ⊗Qp K0-module (V ⊗S (S ⊗Qp Bcris)ϕ
f
=β)GK of rank 1 is contained Dcris(V). Then
the proposition follows from comparing the dimensions as L-vector spaces. 
Corollary 7.3. The element β in S is just α modulo x.
Proof. By the above proposition and its proof, the element β modulo x is the eigenvalue of
ϕ f on e1. 
Corollary 7.4. There exists a lifting v0 of the identity map on End(Dcris(V0)) in the (ϕ, N)-
module Hom(Dcris(V0),Dcris(V)) such that under the basis {v0, xv0} the ϕ-action is given by(
1 ( β′
α
, 0, . . . , 0)
0 1
)
.
Proof. Let v′0 be a lifting. Then we can take v0 as
∑ f−1
i=0 ϕ
i((1, 0, · · · , 0)v′0). 
Let D be the filtered (ϕ, N)-module Dst(W). By our assumption, it is the same as in
section 5 so we can define its sub modules Di (i = 1, 2, 3) as in that section. Since Dcris(V0)
(resp. Dcris(V)) is a submodule of Dst(V) (resp. Dst(V)), We have the following Be,L-
modules:
W1,e = Xst(Hom(Dcris(V0),Dst(V)))
W2,e = Xst(Hom(Dcris(V0),Dst(V)/Dcris(V)))
W3,e = Xst(Hom(Dcris(V0),Dcris(V))).
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Proof of Theorem 1.1. We have the following commutative diagram of exact sequences of
Galois modules:
0 // W ⊕ L //

˜W //

W ⊕ L

// 0
0 // Xst(D/D1) // W1,e // Xst(D/D1).
The image of the identity map on V0 maps to the identity map on Dcris(V0) ⊗K0 Bst. Let
M1 be the image of W1,e in Xst(D/D1). Then the above diagram induces the following
commutative diagram:
W ⊕ L · IdV0

// H1(W ⊕ L)

H0(M1) // H1(Xst(D/D1)).
The image of H1(L) lies in H1(Xst(D2/D1)). We compute the cohomology class δ(IdV0 ) in
H1(Xst(D/D1)) by two ways as follows.
On one hand, consider the following diagram of exact sequences of Galois modules:
0 // Xst(D2/D1) //

W3,e //

Xst(D2/D1) //

0
0 // Xst(D/D1) // W1,e // Xst(D/D1)
It induces the following commutative diagram:
H0(Xst(D2/D1)) δ //

H1(Xst(D2/D1))

H0(M1) δ // H1(Xst(D/D1)).
In M1, the image of IdV0 coincides with the image of IdDcris(V0). So the cohomology class
δ(IdV0 ) in H1(Xst(D2/D1)) is the same as the image of the following extension class:
0 → Xst(D2/D1) → W3,e → Xst(D2/D1) → 0
By Proposition 6.4 and Corollary 7.4, the extension class in H1(Xst(D2/D1)) comes from
H1(L) and is of the form − β′fαψ1.
On the other hand, consider the following diagram of exact sequences of Galois mod-
ules:
0 // Xst(D/D1) //

W1,e //

Xst(D/D1)

0 // Xst(D/D2) //W2,e // Xst(D/D2)
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Let M2 be the image of W2,e in Xst(D/D2). Combined with the diagram in the above
paragraph, it induces
H0(Xst(D2/D1)) δ //

H1(Xst(D2/D1))

H0(M1) δ //

H1(Xst(D/D1))

H0(M2) δ // H1(Xst(D/D2)).
Since both the image of δ(IdV0) and ι(δ(IdV0)) in H1(Xst(D/D1)) lie in H1(Xst(D2/D1)),
they vanishes in H1(Xst(D/D2)). Then so does the image of ι0(δ(IdV0 )) in H1(Xst(D/D1)).
By Proposition 5.7 it comes from H1(L) and is of the form 1
n
tr(γL )ψ1 + γψ2 where γ is in
L ⊗Qp K. Hence the cohomology class δ(IdV0 ) in H1(Xst(D2/D1)) also equals to
1
2
(δ′ψ1 + κ′ψ2) + 1
n
tr(γL )ψ1 + γψ2.
Combining the above two paragraphs, we get
1
2
(δ′ψ1 + κ′ψ2) + 1
n
tr(γL )ψ1 + γψ2 = − β
′
fαψ1.
The theorem then follows from the identity. 
Similarly, we have a “degenerated” formula for the filtered (ϕ, N)-module defined in
Section 4.
Proposition 7.5. Let V be a family of two dimensional Galois representations over X . Let
log det V = δψ1 + κψ2 where δ ∈ S and κ ∈ K ⊗Qp S . Suppose that ((V ⊗Qp Bcris)ϕ
f
=α)GK is
a free S ⊗Qp K0-module of rank 1. Let x be a point in X (L) such that Vx is semi-stable and
its associated filtered (ϕ, N)-module is isomorphic to (Dα,pα, Film,k,L ) defined in Section 4.
Then the differential forms
tr(L · dκ)
vanishes at the point x.
Proof. Up to a twist of characters, we can assume that m = 0. In this case, Proposition 5.1
holds for the same filtered ϕ-module with N = 0. We have similar bases as in Proposition
5.4 without the u-term. Similar to Lemma 5.5, in this case the corresponding cohomology
class is (exp(L )). The cohomology property we need as in Proposition 5.7 is that in this
case the class c = aψ1 + γψ2 must satisfy tr(γL ) = 0. Then the proposition follows from
the same calculation in Theorem 1.1. 
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